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In this paper we discuss isotopic effects in simple molecular ions subjected to strong laser fields. We show
that the intensity of the emitted spectra strongly depends upon both the nuclear mass of the molecular ions and
the laser pulse duration. In particular, for short pulse duration [up to 8 optical cycles (o.c.)], we confirm the trend
described in the most studied case in which the high-order harmonic generation is more efficient for heavier
isotopes; in contrast, an interesting physical phenomenon is predicted for pulses longer than 16 o.c. characterized
by an inverse effect in which lighter molecular species are responsible for higher-order harmonic emission.
DOI: 10.1103/PhysRevA.83.053421 PACS number(s): 33.80.Rv, 33.70.−w, 42.50.Hz
I. INTRODUCTION
In the last few decades, the availability of intense laser fields
led to the observation of new phenomena which are nonlinear
in the laser intensity. Among these, in high-order harmonic
generation (HHG) processes the spectrum of the radiation
emitted by atoms or molecules is characterized by a wide
plateau of lines whose frequency is a multiple of the incident
laser frequency ωL. One of the first attempts to understand
the HHG mechanism was made by Corkum [1] by means of
the three-step model. This model was the starting point for
subsequent nonperturbative theories developed mainly within
the framework of the strong-field approximation (SFA) (see [2]
and references therein).
Several recent experiments have shown the potential of
HHG as a spectroscopic tool for probing the orbital structure
of molecules [3,4] and their nuclear dynamics [5–8], opening
the route to combining attosecond temporal and sub-angstrom
spatial information. In general, the main complication in
dealing with laser-molecule interaction is in coping with the
nuclear degrees of freedom, which are sometimes neglected
by describing the nuclei as fixed point-like particles, an
approximation justified by the fact that the motion of the nuclei
is sufficiently slow with respect to the electron dynamics. This
suggests that the state of the electrons adapts immediately to
the changing distance of the nuclei and that the laser electric
field has its most significant effect mainly on the electron
dynamics. Although this is true if the laser pulse is short
compared with the characteristic time scale of nuclear motion,
for a long pulse the nuclear motion can become relevant and
can induce significant modifications on the electron dynamics
[3,6,9–18]. In particular, for a short few-cycle pulse [less
than 10 optical cycles (o.c.) of a 800-nm-wavelength laser
pulse], it has been shown that the harmonics emitted by the
heavier isotopes of H2+ [9] and H2 [3,9] are more intense.
This effect, confirmed in [6] for the H2-D2 molecular systems,
is related to the fact that nuclear vibrations influence the
contribution of a single electron trajectory to the HHG emis-
sion through the vibrational autocorrelation function defined
in [3].
In this paper we show that the pulse length strongly affects
the characteristics of the emitted radiation. In particular we find
that in the long-pulse regime the activated dissociation process
of the H2+ molecular ion and of its isotopes can reverse the
isotopic trend discussed in [3,6,9].
II. THE MODEL
Our investigation has been performed by numerically solv-
ing the time-dependent Schro¨dinger equation (TDSE) for the
electron and nuclear coordinates of hydrogen-like molecular
ions driven by intense laser fields. Since in our calculations the
laser field is linearly polarized along the internuclear axis, we
use a one-dimensional approach to describe the time evolution
of the system at issue. This assumption can be validated by
considering that the ion has been preliminarily aligned with
the laser field [19], although we are aware that for long-lasting
pulses this assumption is questionable. In fact, for long pulses,
nuclear rotational diffusion might destroy the alignment with
the laser field. This effect might be taken into account by
averaging our results over an ensemble of randomly oriented
molecules. We shall not do this here in order to keep the
mathematics as simple as possible. Moreover, the results of
this work should be regarded as preliminary results of further
investigations in which the molecular rotation is taken into
account. Thus we solve the following TDSE:
ih¯
∂
∂t
ψ(x,R,t) =
[(
− h¯
2
2m
∂2
∂x2
− h¯
2
2µ
∂2
∂R2
)
+U (x,R) + VL(x,t)
]
ψ(x,R,t), (1)
where x and R indicate, respectively, the electron and the
internuclear distance coordinates, m is the electron mass,
and µ = M1M2
M1+M2 is the reduced mass of the two nuclei(with M1 and M2 being the nuclear masses). U (x,R) is
the soft-core Coulomb interaction potential energy [20] with
a screen soft-core parameter A = a20 and VL(x,t) = exE(t)
is the laser-electron interaction energy in the length gauge.
Equation (1) is solved by means of a split-operator technique
[21] using an electron spatial box Lx = 512a0 wide with a
numerical grid spacing x = 0.25a0 and a nuclear spatial box
LR = 50a0 wide with a numerical grid spacing R = 0.05a0,
with a0 being the Bohr radius. For the laser field E(t) we
have adopted a sine-squared shaped profile with an intensity
and a wavelength of I0 = 2 × 1014 W/cm2 and λ = 780 nm,
respectively.
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FIG. 1. (Color online) Envelopes of the intensity of the emitted
spectra from the H2+-like molecular ions in the presence of an intense
laser field (I0 = 2 × 1014 W/cm2 and λ = 780 nm) for different pulse
durations. Mp is the proton mass.
III. RESULTS
In Fig. 1 we show the envelopes of the radiation spectra
emitted by different molecular isotopes (H2+, D2+, and two
artificial isotopes with nuclear mass M1 = M2 = M = 4Mp
and 16Mp) for different pulse durations (4, 8, 16, and 32 o.c.),
where Mp = 1836.27m. It should be pointed out that we use
the term artificial isotopes with a small abuse of language.
Our aim is to study the effects of nuclear dynamics on the
HHG spectrum. Thus when we consider an artificial isotope,
note that this is just an artifact to better understand how the
nuclear dynamics is involved in the mechanism of HHG and
thus we do not refer to any real diatomic molecule. This
figure, in addition to the typical HHG spectral shape, exhibits a
peculiar dependence of the spectra on the duration of the laser
pulse. In particular, it is evident that for short pulses (4 and
8 o.c.) the emitted harmonics are more intense for the heavier
isotopes, while there is an opposite trend for longer pulses (the
differences being about two orders of magnitude).
In order to give a quantitative explanation of this depen-
dence, we write the solution of Eq. (1) in the form
ψ(x,R,t) =
∑
k
χk(R,t)k(x; R), (2)
where the k(x; R) are eigenfunctions corresponding to the
free hamiltonian H (R) of Eq. (1), with nuclei frozen at distance
R, given by
H (R) = − h¯
2
2m
∂2
∂x2
+ U (x; R), (3)
and whose eigenvalue equation is
H (R)k(x; R) = Ek(R)k(x; R), (4)
the k index running over both bound and continuum states and
R being considered as a parameter. The χk(R,t) functions,
formally expansion coefficients in (2), play the role of nuclear
wave functions whose temporal evolution is related to the
corresponding potential energy surfaces (PES) Ek(R) [see
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FIG. 2. (a) Numerically evaluated energy surfaces Ek(R) for the
H2+-like molecular ions. The continuous lines represent the bound
energy levels. The corresponding 2g and 2u states are marked; the
dashed line is one of the energy levels in the continuum. (b) Relative
shift accumulated by the nuclear wave packets χk(R,t) evolving on
different energy surfaces. The continuous line represents the shift
between the ground and c level; the dashed line represents the shift
between the first excited and c level.
Fig. 2(a)] and is given, substituting Eq. (2) in (1), by solving
the coupled equations
ih¯
∂
∂t
χk(R,t)
=
[
− h¯
2
2µ
∂2
∂R2
+ Ek(R)
]
χk(R,t)
−E(t)
∑
l
dkl(R)χl(R,t)
+
∑
l
[
Tkl(R) + 1
µ
Pkl(R)
(
−ih¯ ∂
∂R
)]
χl(R,t), (5)
where
dkl(R) = 〈k(x; R)| − ex|l(x; R)〉, (6)
Tkl(R) = 〈k(x; R)| − h¯
2
2µ
∂2
∂R2
|l(x; R)〉, (7)
Pkl(R) = 〈k(x; R)| − ih¯ ∂
∂R
|l(x; R)〉 (8)
are the matrix elements of the electron dipole moment, nuclear
kinetic term, and nuclear momentum, respectively (where in
the bra-ket notation the integration is intended over the x
coordinate). Furthermore, it should be emphasized that Eq. (5)
is given here in order to gain a better understanding of the
physical meaning of the χk(R,t) functions. In this work we
do not solve this equation explicitly; on the contrary, the
reference to the χk(R,t) will be useful in what follows in
order to appreciate the physical mechanism responsible for
the obtained results.
The spectrum of the emitted radiation can be evaluated by
means of the Fourier transform of the quantum averaged dipole
moment of the molecule:
D(ω) ∝
∫
dt e−iωt
∑
k,l
∫
dR dkl(R) χk(R,t)χ∗l (R,t). (9)
In this expression dkl(R) varies more slowly with R than the
χk(R,t)χ∗l (R,t) term so that the former can be considered as a
constant. It should be noted that we are neglecting here, for the
sake of simplicity, charge resonant enhancement of ionization.
This might tend to displace the nuclear wave packet from the
equilibrium separation, spoiling somewhat the assumption of
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constant dkl(R). Nevertheless, expression (9) indicates that
the overlap integral
∫
dR χk(R,t)χ∗l (R,t) between nuclear
wave functions corresponding to different PES is relevant
in determining the amplitude of the emitted radiation. Fur-
thermore, differently from the assumption in [3] (negligible
ground-state depletion), we assume that the depletion of
the total population of the first two lower energetic states
or, in molecular spectroscopic notation, of the bonding 2g
and antibonding 2u states is negligible since in the regime
of long pulses the probability of populating excited levels
becomes significant [22,23]. Therefore in the sum appearing
in Eq. (9) only the overlap between the first two nuclear wave
functions [χ0(R,t) andχ1(R,t), corresponding to 2g and 2u,
respectively] with all the others is relevant; i.e., Eq. (9) can be
approximately written as
D(ω) ∝
∫
dt e−iωt
[ ∞∑
l=1
∫
dRχ0(R,t)χ∗l (R,t)
+
∞∑
l=2
∫
dRχ1(R,t)χ∗l (R,t) + c.c.
]
, (10)
meaning that the main contribution to the harmonic emission
arises from the electron escaping to the continuum from either
the 2g or 2u state.
In molecules the energy levels depend upon the nuclear
degrees of freedom [see Fig. 2(a)]. This means that the
harmonic emission could depend on the region explored by
the nuclear coordinates. For this reason, our interest is focused
on estimating the contribution of each of the two terms in (10)
when the nuclear wave packet moves around a given Rc.
To this end, we can assume that the nuclear wave packets
are described, at any time t , by Gaussian wave packets with
fixed spread. This assumption is justified if the molecule makes
small oscillations around the equilibrium position so that, in
this region, we can approximate the ground PES E0(R) by
a harmonic potential. In this case, the time evolution of the
nuclear wave packet can be considered as that of a forced
quantum harmonic oscillator which evolves on a coherent
state [24].
Since we are interested in calculating the contribution to
a given harmonic when the nuclear wave packet is centered
at position Rc at time tc, the integral (10) must be evaluated
on a characteristic time interval τ in which the process of
harmonic emission occurs (less than the laser period so as
presumed in the three-step model). Therefore the relation (10)
becomes
DRc (ω) ∝
∫ tc+τ
tc
dt e−iωt
[ ∞∑
l=1
∫
dRχ0(R,t)χ∗l (R,t)
+
∞∑
l=2
∫
dRχ1(R,t)χ∗l (R,t) + c.c.
]
. (11)
In order to estimate such integral, we take into account the
vibrational autocorrelation function described in [3] and we
modify the three-step model as follows:
(i) In the first step, at time t1 = tc, the electron undergoes a
transition from either the ground state 0(x; Rc) (2g) or the
first excited state 1(x; Rc) (2u) to a Volkov state Vk1 (x,t1).
Due to celerity of the electronic transition and according to the
sudden approximation [25], the nuclear wave function χi(R,t)
(i = 0,1), appropriately weighted and centered at R = Rc,
is transferred unaltered to the k1 level. In other words, the
electronic transition is weighted by the integral
I1 =
∫
dR χi(R,t1)χ∗k1 (R,t1), i = 0,1. (12)
(ii) In the second step, under the influence of the laser field,
the electron propagates in the interval from t1 to t2 = tc + τ
from the Vk1 (x,t1) to the Vk2 (x,t2) state and the corresponding
nuclear wave packet evolves from the χk1 (R,t1) to the χk2 (R,t2)
state; this propagation, lasting a fraction of the laser period,
implies that the χk2 (R,t2) nuclear state at t = t2 will be
centered at a different position Rc′ .
(iii) In the third step, at time t2, the electron recombines
to either the ground bonding or the first excited antibonding
state and the related harmonic emission is weighted by a factor
given by the integral
I2 =
∫
dR χk2 (R,t2)χ∗i (R,t2), i = 0,1. (13)
In addition, in the second step we assume that the shape of
the χk2 (R,t2) packet remains unchanged. This can be justified
since in the time interval τ in which the process of harmonic
emission occurs, the incremental spread of the nuclear wave
packet can be considered negligible. Indeed, as reported in
[24], the spread of a Gaussian wave packet at time t is given
by (in a.u.)
σR(t)2 = σ 2R
(
1 + t
2
4 σ 4R M2
)
, (14)
where σR is the wave-packet spread at t = 0. Therefore,
substituting in (14) the values of σR (0.24, 0.20, 0.17,
and 0.12 a.u.) found in our numerical calculations and
considering one half of the laser period, we get σR(t)/σR 
1.10, 1.06, 1.03, and 1.01, respectively, for the four molecu-
lar species (from lighter to heavier).
Furthermore, during the second step, since the k1 and k2
states are in the continuum, we can decouple the nuclear from
the electronic dynamics and consider the nuclear coordinate
evolving in the repulsive internuclear potential. In order to have
an idea of the influence of I2 on the emission of harmonics
we consider that, after the time interval τ elapsed in the
second step, the two nuclear wave packets χi(R,t) (i = 0,1)
and χk2 (R,t) have accumulated a displacement R in their
respective peaks. As a consequence, because of the overlap
integral I2, the corresponding harmonic emission is inhibited
depending on the relative displacement R/σR . This also
suggests that the value of the shift R gives an estimate
of the vibrational autocorrelation function introduced in [3]
and consequently of the degree of inhibition of the harmonic
emission.
We can thus estimate qualitatively the effects of I2 by
evaluating the shift R which depends on the relative motion
of the two wave packets moving on the respective energy
surfaces. To this end, we can evaluate the dynamics of the
nuclear wave packets in the bound and in the continuum levels
by considering two classical particles, one of which moves on
the potential surface Ei(R) (i = 0,1) and the other on a surface
Ec(R) (where subscript c stands for continuum). This means
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that, after a time τ , the displacement of the two particles will
approximately be
R  12arelτ 2, (15)
where
arel = ac − ai = − 1
M
d
dR
[Ec(R) − Ei(R)]|R=Rc , i = 0,1,
(16)
is the relative acceleration of the two particles at the position
R = Rc defined above in the first step. Extending this argument
to the two wave packets evolving on the potential surfaces
previously considered, one is tempted to conclude that the
shift will be more pronounced for lighter isotopes (smaller M)
with the consequence that the emission is more intense for the
heavier ones. More precisely we must say that this conclusion
is correct if the electron transitions start from the ground 2g
state and it is consistent with the results shown in Fig. 1 (and
also with results in [3,6,14,15]) for the short-pulse regime
(4 and 8 o.c.), in which the probability of populating excited
electronic levels is small. In this case the main contribution
to the harmonic emission is given by transitions starting
from the ground bonding state. For longer pulses, however,
the dynamics is characterized by an increase of both the
internuclear distance and the spread of the nuclear wave packet
(see Fig. 3 for 32 o.c. pulse length). This increase is larger
and more rapid for lighter isotopic species, which will soon
explore regions of R in which the probability of populating
excited electronic levels is greater and where, consequently,
the right-hand side of (16) for i = 1 essentially vanishes; it is
also evident from Fig. 3(a) where the drift velocity observed
for lighter species emphasizes that the dissociation process is
active and from Fig. 4 where we plot the population peak of the
first excited state 2u as a function of the internuclear distance
R (obtained by using a fixed nuclei model). More precisely, this
figure shows the population peak trend with the corresponding
internuclear coordinate excursion (double-sided arrows) for
different isotopes. As we can see from the upper panel, for
a few-cycle laser pulse the systems explore a region of R
in which the probability of populating the 2u state is low.
In contrast, for a longer laser pulse (lower panel) a more
pronounced internuclear excursion for the lighter isotopes with
a consequent increase of the 2u population is evident. This
means that lighter isotopes will spend a significant fraction of
time in the first excited state where arel ∼ 0, thus leading to
a behavior different from the one observed in the case of the
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FIG. 3. (Color online) Temporal evolution of the mean values of
(a) the internuclear distance 〈R〉 and (b) the correspondent spread
〈σR〉 for the 32 o.c. pulse length. The legend is as in Fig. 1.
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FIG. 4. Population peak of the 2u state as a function of the
internuclear distance R for (a) 4 o.c. and (b) 32 o.c. pulse length
by considering a one-dimensional fixed nuclei model for the H2+
system. The double-sided arrows indicate the excursion of the mean
value of the internuclear coordinate 〈R〉 obtained by solving Eq. (1)
for the different isotopes. 1x corresponds to H2+, 2x to D2+, and 4x
and 16x to the artificial isotopes with 4 and 16 times the H2+ nuclear
mass, respectively.
short-pulse regime: in fact a kind of reverse effect is observed
in Fig. 1 for 16 and 32 o.c. pulse length.
Such a behavior can be understood from Fig. 2(a), where
we observe that the slopes of the first excited and of a generic
c level in the continuum are almost the same in the region for
R >∼ 3 a.u.. This means that the contribution to the harmonic
emission is optimal when the electronic transition starts from
the first excited level since arel ∼ 0. To support this statement,
we have calculated the relative acceleration arel of two particles
moving on the two pairs of energetic surfaces E0(R), Ec(R)
and E1(R), Ec(R) and, consequently, by means of Eq. (15),
the spatial shift R between the two wave packets in half
an o.c.. From the results, shown in Fig. 2(b) for the H2+
molecular ion (and for the other isotopes it suffices to scale
the y axis by the relative mass), we can see that the relative
shift accumulated by the nuclear wave packets moving on the
ground and c levels is of the order of the nuclear wave-packet
spread in the region around R = 2 a.u., thus strongly inhibiting
the harmonic emission because of the poor overlap of the
wave packets. On the other hand, the shift of the wave packets
moving on the first level and on a c level approaches zero
for R  3 a.u. and it is always smaller than the former shift.
This suggests that lighter isotopes, having a greater chance to
explore this region (R  3 a.u.), emit a more intense radiation,
as confirmed by our results in Figs. 1(c) and 1(d). In other
words, in the region in whichR  3 a.u. we observe an increase
of the probability of populating the first excited antibonding
state, which contributes significantly to the harmonic emission.
Finally, we briefly comment on the transportability of our
results. It should be noted that we are aware that it is not simple
to deal with H2+ and D2+ in a HHG experiment and we also
believe that the results reported in this work probably do not
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hold for the corresponding molecular systems H2 and D2 due
to their different spectroscopic properties. At this stage we
do not have any suggestion about possible transportability to
other molecular systems. However, we are confident that our
results can provide a unified understanding of the response of
a molecular system interacting with an intense laser field and
we hope that they can suggest possible practical applications
due to the considerable increase in the intensity of emitted
radiation obtained in our simulations.
IV. CONCLUSIONS
In summary, we have discussed how the nuclear dynamics
affects the intensity of the emitted harmonics. More precisely,
we observe a different behavior depending on the length of
the pulse considered: for short pulses, as already obtained
in [3,6,14,15], heavier isotopes emit more intense high-
order harmonic lines; in contrast, for long pulses an inverse
phenomenon is observed, with the differences being about two
order of magnitude. This can be used as an efficient tool for
the enhancement of the harmonic emission and as a valuable
spectroscopic tool.
The modification of the three-step model, in which we have
assumed that the transitions starting from the ground bonding
state and from the first excited antibonding state contribute to
the harmonic emission, is able to explain the different behavior
described by our numerical results for the two pulse regimes.
In particular, we have shown that the inverse behavior in
the long-pulse regime is due to the transitions starting from
the antibonding state. In other words, the activation of the
molecular dissociation channel is responsible for the emission
enhancement.
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